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Abstract
Using nonstationary wavelets, we investigate the wavelet expansion in the standard
Besov spaces. Especially, the nonstationary wavelets’ characterization for Besov
spaces is given.
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1 Introduction
In this paper, we shall study the nonstationary wavelet [] expansion in the standard Besov
spaces. Nonstationary wavelet systems are generally obtained from a sequence of nonsta-
tionary reﬁnable functions.
Deﬁnition . A sequence of functions {φj–}j∈N in L(R) is said to consist of nonstation-
ary reﬁnable functions if, for all j ∈N ,










, a.e. ξ ∈ R,
where âj are π-periodicmeasurable functions, called reﬁnementmasks, or simplymasks.
The classical Fourier transform is deﬁned by f̂ (ξ ) :=
∫
Rn f (x)e–ixξ dx for f ∈ L. The
standard extension can be made to L functions. Wavelet functions ψ lj–, j ∈ N and l =
, , . . . ,Zj (quite often Zj = ), are generally obtained from nonstationary reﬁnable func-
tions by










, j ∈N , l = , , . . . ,Zj,
where b̂lj(ξ ) are π-periodic measurable functions called wavelet masks. The masks âj
and b̂lj satisfy |̂aj(ξ )| +
∑Zj
l= |̂blj(ξ )| = . When Zj = , let b̂j (ξ ) := e–iξ âj(ξ + π ), b̂j (ξ ) :=
–Aj(ξ ) + e–iξAj(ξ ) and b̂j (ξ ) := –Aj(ξ ) – e–iξAj(ξ ), where Aj(ξ ) :=  – |̂aj(ξ )| – |̂aj(ξ +
π )|. Deﬁne X(φ; {ψ lj }j∈N,l=,,...,Zj ) := {φ(· – k) : k ∈ Z} ∪ {ψ lj;j,k : j ∈ N, l = , , . . . ,Zj}.
Then the following theorem holds.
Theorem . (i) (Theorem ., []). Let âj(ξ ) := âImj ,lj (mask for the pseudo-spline of type I
with order (mj, lj)). Then X(φ; {ψ lj }j∈N,l=,,) is a compactly supported and C∞ wavelet
frame in Hs(R) for arbitrary s > ;
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(ii) (Theorem ., []).When âj := âImj ,mj , then X(φ; {ψj}j∈N ) (Zj = ) is a compactly sup-
ported orthonormal basis in L(R), and ψj (Zj = ) has mj+ vanishing moments.More pre-
cisely, Suppφj ⊂ [–L,L] and Suppψj ⊂ [–L,L] with uniform constant L > .
In this paper, we use Hs(R) to denote the classical L-Sobolev spaces with the smooth-
ness parameter s. It is well known that Besov spaces contain a large number of fundamen-
tal spaces, such as Sobolev spaces, Hölder spaces, Lipschitz spaces etc. [, ]. They are
frequently used in certain PDEs as the solution spaces. To extend the result of (i) in Theo-
rem ., we shall characterize Besov spaces by using nonstationary wavelets in this paper.
It should be pointed out that Bittner and Urban [] study the following standard Besov












: |f |Bsp,q(Rn) <∞
}
.
Here, |f |Bsp,q(Rn) := ‖(jsωMp (f , –j))j∈Z‖q with M ≥ [s] +  and ωMp (f , –j) denotes the Mth
order smooth modulus of a function f , deﬁned by sup|h|≤–j ‖Mh f (·)‖Lp(Rn) as usual. The
classical diﬀerence operator h is deﬁned by hf (·) := f (· + h) – f (·), as well as Mh f =
h(M–h f ) for a positive integer M > . The Besov (quasi-)norm is given by ‖f ‖Bsp,q(Rn) :=
‖f ‖Lp(Rn) + |f |Bsp,q(Rn) and the two integers M,M′ > s yield equivalent norms ([], Re-
mark ..).
Based onHermitemultiwavelets, Bittner and Urban characterize Bsp,q by using sequence
norms,
‖a‖p :=
∥∥(aj,k)k∈Zn∥∥p , ‖b‖sp,q := ∥∥(j(s+ n – np )∥∥(bj,k)k∈Zn∥∥p)j≥j∥∥q
for a = (ak)k∈Zn ∈ p, b = (bj,k)j≥j,k∈Zn ∈ sp,q. However, due to the regularity restrictions of
the Hermite splines, their characterization requires p < s <min{,  + p } in the quadratic
case and  + p < s < min{,  + p } in the cubic one (e.g. [, , ]). In [], we remove that
restriction of s by using the B-spline wavelets with weak duals as introduced in [], but
the supports of the wavelets become larger as s increases. So, the main result of this pa-
per is to characterize Besov spaces via nonstationary wavelets because of their arbitrary
smoothness and uniform support.
Let N , Z, and R be the set of positive integers, the set of integers, and the set of real
numbers, respectively, as well as N := N ∪ {}. Throughout this paper, we use A 
 B to
abbreviate that A is bounded by a constant multiple of B, A  B is deﬁned as B 
 A and
A∼ Bmeans A
 B and B
 A. Write




for f ∈ Lp(	), g ∈ Lp′ (	) with Lebesgue measurable set 	⊆ Rn, p + p′ = , and ≤ p≤ ∞.
For a Lebesgue measurable function f , the support of f means the set Supp(f ) := {x ∈
R : f (x) = }, which is well deﬁned up to a set of measure . Deﬁne fj,k(·) :=  j f (j · –k)
throughout this paper.
Now, we state the Main Theorem of this paper.
Zhao Journal of Inequalities and Applications 2014, 2014:153 Page 3 of 5
http://www.journalofinequalitiesandapplications.com/content/2014/1/153







k∈Z dj,kψj;j,k , then
‖f ‖Bsp,q(R) 
 ‖c‖lp + ‖d‖lsp,q
for s > . Moreover, when m = infj mj+, c,k := 〈f ,φ;,k〉, dj,k := 〈f ,ψj;j,k〉 with j ∈ N and
k ∈ Z, then
‖c‖lp + ‖d‖lsp,q 
 ‖f ‖Bsp,q(R)
for f ∈ Bsp,q(R),  < s <m.
2 Proof of Main Theorem
This section is devoted to proving the Main Theorem. We begin with three lemmas for
proving upper and lower bounds of the characterization.
Lemma . Let p ∈ (  , ], q ∈ (,∞], s >  be arbitrary, then ‖φ‖Bsp,q ≤ C and ‖ψj‖Bsp,q ≤
C with a uniform constant C >  for j ∈N.
Proof First, we will show ‖φj‖p ≤ C with a uniform constant C for all j. By Lemma .,
Theorem . in [], and Theorem . in [], φj are all compactly supported and Suppφj ⊂
[–L,L] for a uniform constant L > . Therefore, Suppψj ⊂ [–L,L] for all j because of
ψ̂j–(ξ ) := b̂j ( ξ )φ̂j(
ξ
 ) = e–iξ âj(ξ + π )φ̂j(
ξ



















for  < p≤  leads to ‖φj‖Lp ≤ C for all j ∈N. ‖ψj‖Lp ≤ C holds similarly.
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because of Corollary . in [] and the orthonormality property of {φ;,k}k , {ψj;j,k〉}j,k . This
with (.) leads to
‖φ‖Bsp,q ≤ C,
as well as ‖ψj‖Bsp,q ≤ C for j ∈ N with a uniform constant C > . Thus, the result holds.

The second lemma comes from [], Lemma . and the third one comes from [],
(..).



















Note that the constants are uniform because of ‖ϕ‖Bσp,∞(Rn) ≤ C.
Lemma . If f ∈ Lp(R),  ≤ p ≤ ∞, deﬁne σ as a closed interval of R and let Pm– be the
set of m-order polynomials, then
inf
P∈m–






where σj,k := –j(σ + k) and ωmp (f , –j,σj,k) := sup|h|≤–j ‖Mh f (·)‖Lp((σj,k )h,M) with (σj,k)h,M :=
{x ∈ σj,k ,x + lh ∈ σ , l = , , . . . ,M}.
Now, we are in the position to show the Main Theorem.





























 ‖c‖p + ‖d‖sp,q .


































where the equality comes from themj+ vanishing moments of ψj by Theorem . and the





p′ ωmp (f , –j) by the same
proof as of (.) in []. Therefore,
‖d‖lsp,q 

∥∥(s+ j – jp′  j – jp′ ωmp (f , –j))j∈Z∥∥lq ≤ ‖f ‖Bsp,q(R).
Remark . In conclusion, we have a characterization of Besov spaces by
‖f ‖Bsp,q ∼ ‖c‖lp + ‖d‖lsp,q
with c,k := 〈f ,φ;,k〉, dj,k := 〈f ,ψj;j,k〉, ≤ p≤ ,  < q≤ ∞,  < s <m, and f ∈ Bsp,q(R).
Remark . Some questions are left to be considered. Note that we assume  ≤ p ≤  in
our Main Theorem. Then a natural question is to study the case for p > . Another one is
to discuss whether or not the wavelet frames of (i) in Theorem . can characterize Besov
spaces. The last question is to relax the restriction s ∈ (,m).
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